The propagation of one-dimensional shear waves in isotropic hyperelastic materials is examined. Both compressible and incompressible materials subject to arbitrarily large shear prestrains are considered. The nonlinear evolution equation governing small disturbances on prestrained undisturbed states is derived. The prestrain is seen to change the nonlinearity from the cubic form found in the unstrained case to the stronger quadratic form governed by the conventional Burgers' equation. Additional results include explicit and general expressions for the quadratic and cubic nonlinearity parameters. Numerical estimates are also provided for natural rubber and foamed polyurethane. It is demonstrated that the quadratic nonlinearity parameter does not increase monotonically with prestrain and may actually vanish at nonzero values of the prestrain.
INTRODUCTION
The dynamics of elastomers are of considerable scientific and practical interest in many areas of acoustics and classical mechanics. The practical interest stems in part from their use as shock and vibration isolators, automobile tires being the most conspicuous example, and sonar applications. From a scientific point of view, their ability to sustain large elastic deformations permits testing of elasticity models well beyond the range explored for metals and ceramics.
When such large deformations occur, the behavior of these materials will differ significantly from that predicted by the well-known theory of linear elasticity. This is due to the fact that nonlinearities in the material response must be considered. Such nonlinearities inevitably lead to harmonic generation and shock formation. A detailed analysis of the former in longitudinal waves has been provided by Thurston and Shapiro (1967) . The reader is also referred to the experimental studies of R. B. co-workers (1976, 1977) and Peters and Breazeale (1968) . Studies of nonlinear shear waves have been carried out by Chu (1964) and Davison (1966) . These latter studies employed the exact method of characteristics to examine the wave families possible in incompressible and compressible materials, respectively.
A more detailed study of the distortion of shear waves is presented by Lee-Bapty ( 1981 ) who demonstrated that the basic wave evolution is fundamentally different than that exhibited by longitudinal waves. The nonlinearity of relatively weak longitudinal waves is quadratic leading to the generation of second harmonics when wave trains are considered, whereas the nonlinearity of shear waves in an initially unstrained matehal is seen to be cubic. Because of the cubic nonlinearity, second harmonics are suppressed in wave trains and even the simplest pulses tend to evolve into asymptotic profiles containing two shocks, rather than one as in the case of quadratic nonlinearity. It is also useful to note that this cubic nonlinearity is an order of magnitude weaker than the quadratic nonlinearity. For example, the shock formation time is on the order of the inverse square of the wave amplitude when the nonlinearity is cubic as compared to inversely proportional when the nonlinearity is quadratic. A more complete discussion of these nonclassical dynamics may be found in the thesis by Lee-Bapty ( 1981 ) or the article by Lee-Bapty and Crighton (1987) .
In the present study, we examine the one-dimensional evolution of small disturbances propagating in elastomers having an arbitrarily large shear prestrain. Both incompressible and compressible materials are considered. The present study extends the work of Nariboli and Lin (1973) and LeeBapty ( 1981 ) who considered only unstrained materials. We apply the well-known reductive perturbation technique of Taniuti and Wei ( ! 968) to derive the nonlinear evolution equation governing small shear disturbances over time scales on the order of the shock formation time. General expressions for the quadratic steepening parameter (the analog of 1 q-B/2,8 in the theory of compressible fluids) are given and it is shown that this parameter is generally nonzero for arbitrary prestrain values. That is, prestraining the material causes the nonlinearity to change from the cubic nonlinearity to the quadratic nonlinearity analogous to that encountered in studies of the longitudinal mode. This not only increases the strength of the nonlinearity but also modifies the details of the evolution.
It is of interest to note that such a cubic-quadratic transition also occurs in the study of non-Newtonian fluids. A summary of this effect in the context of harmonic generation has been provided by Powell and Schwarz (1979) .
The numerical examples provided in Secs. V and VI reveal that the quadratic nonlinearity parameter tends to be negative at the lower values of prestrain, at least for the materials considered here. Thus the wave evolution is characterized by a backward steepening and is similar to that found by Bains and Breazeale (1975) in their study of!ongitudinal waves in fused silica and the well-known phenomenon asso-ciated with temperature waves in superfluid helium, see, e.g., Putterman (1974) . The numerical estimates provided here also suggest that this quadratic nonlinearity parameter vanishes at larger values of the prestrain again resulting in a cubic nonlinearity. At even larger prestrains, the steepening is forward and resembles that of longitudinal waves in many solids and dilute gases. Thus the behavior of nonlinear shear waves more closely resembles that of other areas of nonlinear acoustics in that the quadratic nonlinearity parameter is generally nonzero and changes sign, i.e., vanishes, only at discrete undisturbed states.
Throughout we will refer to the points at which the quadratic steepening parameter vanishes as critical points. As indicated above, the nonlinearity at these points is cubic rather than quadratic and the usual Burgers' equation does not give an accurate representation of the nonlinear evolution. As pointed out by Nariboli and Lin (1973) and LeeBapty ( 1981 ), the wave distortion occurs more slowly and longer time scales must be employed. In Sec. III, we apply an extension of the perturbation technique of Taniuti and Wei (1968) , as developed by Cramer and Sen ( 1991 ) , to derive the evolution equation governing the nonlinear distortion not only at, but in the neighborhood of, each critical point. 'The resultant evolution equation is a modification of Burgers' equation containing both quadratic and cubic nonlinearity. At critical points this equation reduces, as it should, to the cubic equation derived by previous investigators. In addition to providing general expressions for the cubic nonlinearity parameter, we also give numerical estimates based on specific material models.
I. FORMULATION
The general relation for a hyperelastic isotropic solid undergoing isothermal deformation (Hunter, 1983) 
The deformation gradient is defined as the gradient of the instantaneous material position xy (i.e., Eulerian) with respect to the initial material position • (i.e., Lagrangian).
That is,
The displacement vector u• is defined as follows:
Xj : • + Uj ( X, ;X2,X3,t).
The scalar quantities ao, a•, and a 2 in Eq. ( 1 ) have as yet to be defined. These terms are related to the free energy Uof the solid and the three invariants (Ia, IIa, and IIIa) of the left Cauchy-Green tensor which are written as follows:
through the following equations (Hunter, 1983 
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The quantity p(Xi,t) is defined to be the density distribution in the solid at an arbitrary time t. The density can be related to some initial density of the solid Po at time to and the determinant of the left Cauchy-Green tensor by P = Po III•7 •/2.
The momentum equations, neglecting body forces, may be expressed as G 
and the nonzero components of the stress tensor can be writ- 
ys-•0
In order to study the shear wave propagation in an incompressible material a slight reformulation is required. The determinant of the left Cauchy-Green tensor for incompressible materials is by definition equal to one, from which we conclude that the linear strain variable el vanishes. Furthermore, the scalar quantity ao in the constitutive relations ( 1 ) needs to be replaced by an arbitrary pressure P which is determined by the motion of the material (Hunter, 1983 ).
The constitutive relations therefore take the form t:rij = --P(Sij + OtlBij + ot2Bi, B d,
where a I and a 2 are identical to those defined in Eq. (6). The shear mode can now be decoupled from the longitudinal mode. That is, the first equation in (14) imposes no constraint on the shear deformation but only provides the solution for the arbitrary pressure P. This reduces the problem from a fourth-order system of equations to a second-order system. The resulting 2 X 2 speed matrix for an incompress- 
II. QUADRATIC NONLINEARITY
To analyze the shear wave distortion caused by nonlinear effects it will be useful to employ perturbation methods to derive the evolution equations governing the propagation. The evolution equation derived here will be applicable to arbitrary initial wave profiles. In this analysis the system is subjected to small perturbations about some initial base state w(O) The solution vector will be expanded as follows:
Wa --W(a ø) + ew(a 1) d-62w(a2) -+-0(63). (25)
The quantity e is a small parameter characterizing the disturbance amplitude. The undisturbed state is regarded to be at rest with an applied constant strain. The quantity w(• ø) will therefore be given by w To summarize, the evolution of the lowest-order disturbance will be governed by (26) when F = 0( 1 ). We anticipate this to be the case for most configurations involving nonzero prestrain. When F is of order e, the wave distortion will only be noticeable over time scales of order e-2 and will therefore be governed by ( 
where the superscripts _+ refer to the properties just after and just before the discontinuity. The dimensional shock speed corresponding to (50) can be shown to be
C•{/l,s + F[ (y•-+ y;-)/2] + (A/6) [ (y•---y•(o))2 + ---©) + (r; -
An approximate graphical representation of the shock using Landau's equal area rule can be employed to model the shock profile. The construction of a pulse profile using this methodology is depicted in Fig. 2 .
In closing, we note that the dissipation parameters 3 and 6 must be modified when the material is incompressible. Under these conditions, the parameter corresponding to 6 = e3 is t, to/6po CsL. 
V. EXAMPLE•GDEN'S MODEL FOR INCOMPRESSIBLE MATERIALS
A typical example of an incompressible hyperelastic isotropic material is natural vulcanized rubber. Constitutive modeling of rubber has received a great deal of attention in the literature due to its wide use in both industrial and scientific applications. The well-known constitutive model of Mooney-Rivlin (see Treloar, 1975) has been utilized by a number of authors in studying the behavior of various incompressible rubber systems. However, this model, while providing accurate correlation with experimental results below stretches of the order two, significantly deviates from test data at larger stretches in uniaxial loadings; this deviation is depicted in Fig. 3 en to be sinusoidal with a wave amplitude parameter e = 0.1 in all plots. Figure 5 depicts the evolution of a propagating shear pulse at zero prestrain. This corresponds to the case considered by Nariboli and Lin (1973) and Lee-Bapty ( 1981 ). For this particular case, two shocks are formed. The first shock develops near the middle and is qualitatively similar to a backward steepening wave. The second shock develops at the wave's tail and in this region of the wave the behavior is similar to that seen in a forward steepening wave. This distorted profile has been previously referred to as a shark-fin configuration by Garrett ( 1981 ) .
In In Figs. 10-12, we illustrate the wave formation which occurs at strain values in the neighborhood of the second critical point ?,•o) = 2.27. For a prestrain less than the critical value the undisturbed state still corresponds to F < 0; a typical case is depicted in Fig. 10 . Here, a part of the W> 0 portion of the wave extends into the F > 0 region. It is also seen that the local wave speed becomes greater than the linear wave speed for W> 0.6. For wave propagation at the critical prestrain point, the evolution is depicted in Fig. 11 . In Fig. 12 , the wave evolution for a prestrain larger than the critical value is presented and a node is now seen at W• -0.6. In Figs. 10-12 Figs. 10-12, the dual shock formations are similar to a forward steepening shock for the top portion, i.e., W> 0, and backward steepening shocks for the lower portion, i.e., W< 0, of the wave. This behavior is qualitatively different than those presented for the wave evolution in the vicinity of zero prestrain. For even larger prestrains the steepening is strictly forward. A typical case, which employs (26), is illustrated in Fig. 13 .
In summary, use of this specific model demonstrates the wide range of behavior to be expected as the prestrain is increased. Although the mixed convexity of the standard stress-strain diagram of rubber gives some hint of the complexity found, the present study shows definitively that both forward and backward steepening is possible. Furthermore, it has been shown that the nonlinear behavior in the neighborhood of the second critical point is qualitatively different than that at the critical point associated with the unstrained state. 
Vl. EXAMPLE--BLATZ AND KO'S MODEL FOR COMPRESSIBLE MATERIALS
A typical example of a common compressible material which is capable of large nonlinear deformations is foamed polyurethane rubber. This isotropic material was extensively studied by Blatz and Ko (1962) is of the same sign found for the incompressible case. Thus the wave evolution will be qualitatively similar to that seen in the incompressible case. A point of considerable interest in regards to Fig. 15 is that Numerical examples of an incompressible natural rubber revealed that a second critical point exists within the realm of experimentally attainable strains. The value of A at this critical prestrain was noted to be different in sign than that found at the unstrained critical point, thus providing further evidence that the wave evolution and subsequent shock formation are highly dependent upon the prestrained state. '
In Sec. VI, the Blatz-Ko model was employed to generate specific numerical results for compressible materials. The effect of prestraining foamed polyurethane was seen to produce a negative quadratic nonlinearity parameter. In spite of the significant differences in the complexity of the compressible equations, this result is seen to be similar to that found for incompressible materials.
The present study has also demonstrated that the BlatzKo model admits a second critical point at nonzero prestrain for reasonable choices of the Blatz-Ko material parameters /•, v, and/•/. This second critical point is admissible in the sense that the linear wave speed is real. However, the numerical values of the material parameters are not associated with any specific material and it is felt that the identification of a second critical point in compressible materials remains as a task for future studies. In summary, we have shown that the Eulerian version of the nonlinear wave speed is identical to the Lagrangian version derived here, at least to the accuracy of the dehved
